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Find min
ψ∈H
〈ψ|H |ψ〉

Intro:
I Locality ⇒ variational vs. relaxation (aka bootstrap) approaches
I Variational principle + renormalization group

⇒ tensor-networks methods (e.g. DMRG)
I ...still need good lower bounds,

existing methods scale as exp(n)

H =
∑

i hi , hi act locally, dimH = dN
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Find min
ψ∈H
〈ψ|H |ψ〉

Intro:
I Locality ⇒ variational vs. relaxation (aka bootstrap) approaches
I Variational principle + renormalization group

⇒ tensor-networks methods (e.g. DMRG)
I ...still need good lower bounds,

existing methods scale as exp(n)

Our method:
I Relaxation + renormalization group ⇒ efficient∗ lower bounds

H =
∑

i hi , hi act locally, dimH = dN
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min
ψ∈C⊂H

〈ψ|H |ψ〉 ≈ min
ψ∈H
〈ψ|H |ψ〉

H =
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i hi , hi act locally, dimH = dN
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min
ψ∈C⊂H

〈ψ|H |ψ〉 ≥ min
ψ∈H
〈ψ|H |ψ〉 ≥?

[tensornetwork.org]
[Cirac and Verstraete, J.Phys.A (2009)]

H =
∑

i hi , hi act locally, dimH = dN



Lower Bounds — Relaxation Methods
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min
ψ∈C⊂H

〈ψ|H |ψ〉 ≥ min
ψ∈H
〈ψ|H |ψ〉 ≥?

Applications
I Central to physics and chemistry:

Certify variational solutions,
benchmark methods

I Quantum information and foundations:
detection, certification, falsification

I Quantum complexity theory
MAX-k-SAT

quantum−−−−−→ k-local H min. energy

H =
∑

i hi , hi act locally, dimH = dN
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min
ψ∈H
〈ψ|H |ψ〉

= min
ψ∈H

∑
i

〈ψ|hi |ψ〉

= min
{ρi}←ψ

∑
i

Tr(hiρi)

≥ min
{ρi}∈S?

∑
i

Tr(hiρi) (Relaxation)

H =
∑

i hi , hi = hai ⊗ Iaci
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“{ρi} ← ψ” ⇔ there exists a state ψ ∈ H such that ρi
are its reduced states. Hard!!

H =
∑

i hi , hi = hai ⊗ Iaci
ρi local reduced state on ai ⊂ Λ
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Smarginal

S0

ρi ≥ 0

ρi ← ψ

XXZ chain:

H =
∑
i

(σi
xσ

i+1
x + σi

yσ
i+1
y + ∆σi

zσ
i+1
z )

variables, the determination of this convex set was solved for
fairly general settings in Ref. 14 by means of Gaussian
states. The determination of this convex set in the case of
spin systems, however, turns out to be much more challeng-
ing.

Let us illustrate this with a simple example. Consider the
XXZ-Hamiltonian with nearest-neighbor interactions

H = − �
�i,j�

Si
xSj

x + Si
ySj

y + �Si
zSj

z

on a lattice of arbitrary geometry and dimension.15 Due to
the symmetries, the reduced density operator of two nearest
neighbors can be parametrized by only two parameters16

� =
1

4
�1 � 1 + x��x � �x + �y � �y� + z�z � �z	 .

Positivity of � enforces −1�z�1−2 �x�, and the state is
separable iff 1+z�2 �x�. In the case of an infinite 1D spin
chain, the ground-state energy E��� has been calculated
exactly,17 and this determines the tangent hyperplanes

2x + z� + E��� = 0

whose envelope makes up the extreme points of the convex
set of reduced density operators of translationally invariant
1D states: the boundary of this convex set is parametrized by

z = − �E���/�� ,

x = − �E��� + �E���/��	/2,

which we plotted in Fig. 1. We also plot the boundary for the
two-dimensional square lattice. These 2D data were obtained
by numerical methods18–20; of course this convex set is con-

tained in the previous one, as all the semidefinite constraints
defining the set corresponding to 1D are strictly included in
the set of constraints for the 2D case. Finally, we plot the set
of separable states, which contains the reduced density op-
erators of the allowed states for a lattice with infinite coor-
dination number. The boundary of this separable set is given
by the inner diamond; this immediately implies that the dif-
ference between the exact energy and the one obtained by
mean-field theory will be maximized whenever the hyper-
plane that forms the boundary of the first set will be parallel
to this line. This happens when �=−1 �independent of the
dimension�, which corresponds to the antiferromagnetic
case, and this proves that the “entanglement gap”12 in the
XXZ plane is maximized by the antiferromagnetic ground
state for any dimension and geometry. Similarly, it proves
that the ground state is separable whenever ��1 and �
=−�. Note also that in the 2D case, part of the boundary of
the convex set consists of a plane parametrized by 2x+z
+E�1�=0. This indicates a degeneracy of the ground state
around the antiferromagnetic point, and indicates that a
phase transition is occurring at that point �more specifically
between an Ising and a Berezinskii-Kosterlitz-Thouless
phase�. It would be very interesting to investigate this fur-
ther, and it is fascinating that this phase transition could be
detected by just looking at the structure of these low-
dimensional convex sets.

The previous discussion implies that ground states of
quantum spin systems are very special: they are completely
determined by their two-body reduced density operators.
Typically, it even holds that the ground state of an interacting
spin system is unique, which implies that most extreme
points in the convex set of reduced density operators
uniquely characterize a state with the right symmetry prop-
erties. This is very good news if we want to create families
of variational ground states: it suffices to approximate well
the local properties of all translational invariant states. The
family of matrix product states �MPSs�3,21,22 and generaliza-
tions to higher dimensions �PEPS�18,23,24 were exactly cre-
ated with this property in mind; the amazing accuracy of
renormalization group algorithms is precisely related to the
fact that the convex set under consideration can be very well
approximated with the reduced density operators of MPS.
Both Wilson’s numerical renormalization group1 and density
matrix renormalization group �DMRG�2,25 methods can in-
deed be reformulated as variational methods within the
MPS.4,22

The reason why ground states of gapped quantum spin
systems can be parametrized as MPS/PEPS can be under-
stood by the following handwaving argument. A celebrated
theorem of Hastings26 states that in the case of a gapped
system all correlations are decaying exponentially. Let us
therefore consider a 1D gapped quantum spin system with
correlation length �corr. Due to the finite correlation length,
the reduced density operator �AB obtained when tracing out a
block C of length lAB��corr �see Fig. 2� is expected to be of
the form27

�AB 
 �A � �B

up to exponentially small corrections. Clearly, the original
ground state �	ABC� is a purification of this mixed state, but it

FIG. 1. �Color online� Convex sets of the possible reduced den-
sity operators of translational invariant states in the XX-ZZ plane:
the big triangle represents all positive density operators, the inner
parallellogram represents the separable states, the union of the sepa-
rable cone and the convex hull of the full curved line is the com-
plete convex set in the case of a 1D geometry, and the dashed lines
represent extreme points in the 2D case of a square lattice. The
singlet corresponds to the point with coordinates �−1,−1�.

F. VERSTRAETE AND J. I. CIRAC PHYSICAL REVIEW B 73, 094423 �2006�

094423-2

[Verstraete and Cirac, PRB (2006)]
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min
{ρi}←ψ

∑
i

Tr(hiρi)

≥ . . . ≥ min
{ρi}∈Sn

∑
i

Tr(hiρi)

...

≥ min
{ρi}∈S2

∑
i

Tr(hiρi)

≥ min
{ρi}∈S1

∑
i

Tr(hiρi)

≥ min
{ρi}∈S0

∑
i

Tr(hiρi)

Smarginal

S0

ρi ≥ 0

ρi ← ψ

S1

S2...
Sn

S0 = {ρi ≥ 0}
Smarginal = {{ρi} ← ψ}

S0 ⊃ S1 ⊃ S2 ⊃ . . . ⊃ Sn ⊃ . . . ⊃ Smarginal
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History and Related Methods
I Anderson bounds:

[Anderson, Limits on the Energy of the Antiferromagnetic Ground State, Phys. Rev. 83,

(1951)]

I Quantum chemistry: (RDMT)
[Mazziotti and Rice, Reduced-Density-Matrix Mechanics, Wiley & Sons (2007)]

[Klyachko, Quantum marginal problem and N-representability, J. Phys: Conf. Ser. 36,

(2006)]

I Quantum information / foundations: (NPA hierarchy)
Bounding the set of quantum correlations
[Navascués, Pironio & Acín, Phys. Rev. Lett. 98, (2007)

I Optimization, complexity theory:
Lasserre/Parrilo/SOS hierarchy [Lasserre, Global optimization with polynomials

and the problem of moments, SIAM J. Optim. 11, (2001)]

I Bootstrap methods:
Conformal bootstrap Poland, Rychkov & Vichi, Rev. Mod. Phys. 91, (2019),
Random matrix models Lin, J. High Energ. Phys. 90 (2020) , 3D classical
Ising model [Cho et. al. arxiv:2206.12538], Gap in 1D quantum Ising model
[Nancarrow & Xin, arXiv:2211.03819] ...
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Example: The LTI Hierarchy
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Setting:
H =

∑
i τi(h), translation-invariant, nearest-neighbor interactions

ETI := min
ρ(2),ψTI

Tr
(
hρ(2)

)
s.t. ρ(2) ← ψTI
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ETI = min
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Setting:
H =

∑
i τi(h), translation-invariant, nearest-neighbor interactions

ETI ≥ ELTI(n) = min
{ρ(m)},��HHψTI

Tr
(
hρ(2)

)
s.t. ρ(2) ← ρ(3) ← . . .← ρ(n−1) ← ρ(n)��HH←��ZZψTI

ρ(m−1) ← ρ(m)

m
ρ(m−1) = TrL(ρ(m)) = TrR(ρ(m))

ρ(3) = ρ(4) = ρ(4)



Renormalization of the LTI Constraints
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We relax the constraints ρ(3) ← ρ(4) ← ρ(5)

ρ(3) = ρ(4)

ρ(3) = ρ(4)

ρ(4) = ρ(5)

ρ(4) = ρ(5)
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ρ(3) = ρ(4)

ρ(3) = ρ(4)

Coarse-−−−−→
grain

ρ(3)

W2

W
†
2

= ρ(4)

W2

W
†
2

ρ(3)

W2

W
†
2

= ρ(4)

W2

W
†
2
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Iterative Coarse-Graining
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We want:

ρ(4) = ρ(5)

ρ(4) = ρ(5)
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W
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W
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W
†
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W
†
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But ρ(4) is no longer available ρ(4)

W2

W
†
2

↪→ ω(4)
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W3 = W2
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= W2
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The solution: Matrix Product States

Wm+1 = Wm

Rm

= Wm

Lm

Wm

CD2

=
CD CD
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ETI ≥ ELTI(n) = min
{ρ(m)}

Tr
(
hρ(2)

)
s.t. ρ(2) ← ρ(3) ← ρ(4) ← ρ(5) . . .← ρ(n)
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ETI ≥ ELTI(n) = min
{ρ(m)}

Tr
(
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)
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ETI ≥ ELTI(n) ≥ Erelax.(n,D) = min
ρ(2),ρ(3),{ω(m)}

Tr
(
hρ(2)

)
s.t. ρ(2) ← ρ(3) ω(4) ω(5) . . . ω(n)



Recap

Ilya Kull, Uni Vienna, arxiv:2212.03014 Uni Vienna

ETI ≥ ELTI(n) ≥ Erelax.(n,D) = min
ρ(2),ρ(3),{ω(m)}

Tr
(
hρ(2)

)
s.t. ρ(2) ← ρ(3) ω(4) ω(5) . . . ω(n)

ρ(3) = ρ(4)

ρ(3) = ρ(4)

ρ(4) = ρ(5)

ρ(4) = ρ(5)

Compress−−−−−−→

ρ(3) = ω(4)

ρ(3) = ω(4)

ω(4) = ω(5)

ω(4) = ω(5)



The “triangle of renormalization”

ρ(2) ρ(3) ≡ ω(3) ρ(4) ρ(5) ρ(6) . . .

C2(ω(3))
!

= ω(4) ←↩ C2(ρ(4))

B2→3(ω(4))
!

= ω(5) ←↩ C3(ρ(5))

B3→4(ω(5))
!

= ω(6) ←↩ C4(ρ(6))

B4→5(ω(6))
!

= . . .

p.Tr

C2

p.Tr

C2

p.Tr

C3

p.Tr

C4

p.Tr

B2→3

p.Tr

B3→4

p.Tr

B4→5
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Coarse-graining using tree tensor networks
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ρ1,2,3,4

ρ1,...,8

ρ1,...,16

p.Tr

p.Tr

ωo21 ,o22 ,o23 ,o24

ωo31 ,o32 ,o33 ,o34

!
=

B1

C2
!

=
B2

C3

p.Tr

p.Tr



Benchmarking Results
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Translation-invariant spin chains

Model Name Hamiltonian Gap?
(a) Critical Ising HTFI(1) Critical
(b) S = 1/2 Heisenberg H

1/2
XXZ(1) Critical

(c) S = 1/2 symmetry broken XXZ H
1/2
XXZ(2) Gapped

(d) S = 1/2 XX model H
1/2
XXZ(0) Critical

(e) S = 1 Heisenberg H1
XXZ(1) Gapped

(f) S = 1/2 J1-J2 Heisenberg HJ1-J2(4.15, 1) Critical

HTFI(hz) = −
∑
i

XiXi+1 − hz
∑
i

Zi Transverse field Ising model

HS
XXZ(∆) =

∑
i

XiXi+1 + YiYi+1 + ∆ZiZi+1 XXZ spin S

HJ1-J2(J1, J2) =
∑
i

J1~Si · ~Si+1 + J2~Si · ~Si+2 J1-J2 Heisenberg spin 1/2

Ilya Kull, Uni Vienna, arxiv:2212.03014 Uni Vienna



Results: TFI & S=1/2 Heisenberg model

Ilya Kull, Uni Vienna, arxiv:2212.03014 Uni Vienna

(a) Critical TFI: HTFI(1)

(b) Isotropic antiferromagnetic S = 1/2 Heisenberg: H1/2
XXZ(1)
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Results: TFI & S=1/2 Heisenberg

Ilya Kull, Uni Vienna, arxiv:2212.03014 Uni Vienna

(a) Critical TFI: HTFI(1)

(b) Isotropic antiferromagnetic S = 1/2 Heisenberg: H1/2
XXZ(1)
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Results: XXZ & XX

Ilya Kull, Uni Vienna, arxiv:2212.03014 Uni Vienna

(c) S = 1/2 symmetry broken XXZ: H1/2
XXZ(2)

(d) S = 1/2 XX model: H1/2
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Results: S=1 Heisenberg & J1-J2

Ilya Kull, Uni Vienna, arxiv:2212.03014 Uni Vienna

(e) Isotropic antiferromagnetic S = 1 Heisenberg: H1
XXZ(1)

(f) Critical S = 1/2 J1-J2 Heisenberg: HJ1-J2(4.15, 1)
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Results: Memory scaling vs. precision
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Conclusion

Ilya Kull, Uni Vienna, arxiv:2212.03014 Uni Vienna

min
ψ∈C⊂H

〈ψ|H |ψ〉 ≥ min
ψ∈H
〈ψ|H |ψ〉 ≥ Erelax.({Ci})

[tensornetwork.org]
[Cirac and Verstraete, J.Phys.A (2009)]

ρ(2) ρ(3) ≡ ω(3) ρ(4) ρ(5) ρ(6) . . .

C2(ω
(3))

!
= ω(4) ←↩ C2(ρ

(4))

B2→3(ω
(4))

!
= ω(5) ←↩ C3(ρ

(5))

B3→4(ω
(5))

!
= ω(6) ←↩ C4(ρ

(6))

B4→5(ω
(6))

!
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Results: Relaxation precision vs. VUMPS precision

Ilya Kull, Uni Vienna, arxiv:2212.03014 Uni Vienna
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(c) XXZ
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(b) S=1/2 Heisenberg
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