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Outline
H =", hi, h; act locally, dim#H = dV

Find: min (v|H|w)

Intro:
» Locality = variational vs. relaxation (aka bootstrap) approaches

» Variational principle + renormalization group
= tensor-networks methods (e.g. DMRG)

» ..still need good lower bounds,
existing methods scale as exp(n)
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» Variational principle + renormalization group
= tensor-networks methods (e.g. DMRG)

» ..still need good lower bounds,
existing methods scale as exp(n)

Our method:
> Relaxation + renormalization group = efficient* lower bounds
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“Corner of Hilbert Space” — The Variational Approach
H =", hi, h; act locally, dimH = dV

min_ (|H|2) m%ﬂeﬂ!ﬂ@

YeCCH
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“Corner of Hilbert Space” — The Variational Approach

H =", hi, h; act locally,

min (Y|H|¢y) > m
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Lower Bounds — Relaxation Methods

H =", hi, h; act locally, dim#H = dV
[ H > mi H >7
¢é“c'é‘a<¢| ) > g\e'?gw ) >

Applications /

» Central to physics and chemistry:

. ySIC : f \‘ El
Certify variational solutions, L S | ower
benchmark methods \ / SN
» Quantum information and foundations: 7/ Eo = m'gE(/))

detection, certification, falsification
» Quantum complexity theory

quantum

MAX-k-SAT ——— k-local H min. energy
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Lower Bounds Through Constraints Relaxation

min (| H|¢))

PYeEH

H= Zihi' h; = ha,- ®Haic
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Lower Bounds Through Constraints Relaxation

min (v H]4) = min th,ww
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H = Zihi' h; = ha,. ®Haic
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Lower Bounds Through Constraints Relaxation

min (v H]4) = min Z(@b\h )

= min Tr(hip;)

iy =

{pi} < " < there exists a state 1) € H such that p;
are its reduced states. Hard!!

H = Zi h;, h; = ha,. ®Haf
p; local reduced state on a; C A
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Lower Bounds Through Constraints Relaxation

min(vH|y) = min > (wlhlv)

> min ZTr(h,-p,-) (Relaxation)

{pi} < " < there exists a state 1) € H such that p;
are its reduced states. Hard!!

H = Zi h;, h; = ha,. ®Haf
p; local reduced state on a; C A
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Convex Sets of Local States
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Convex Sets of Local States

XXZ chain: !
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FIG. 1. (Color online) Convex sets of the possible reduced den-
sity operators of translational invariant states in the XX-ZZ plane:
the big triangle represents all positive density operators, the inner
parallellogram represents the separable states, the union of the sepa-
rable cone and the convex hull of the full curved line is the com-
plete convex set in the case of a 1D geometry, and the dashed lines
represent extreme points in the 2D case of a square lattice. The
singlet corresponds to the point with coordinates (—1,-1).

[Verstraete and Cirac, PRB (2006)]
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Existing methods — Complete Hierarchies

min Tr h,‘ i
{Pi}ﬁwz ( P)

i

So = {pi > 0}
Smarginal = {{pl} A ¢}
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Existing methods — Complete Hierarchies
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Existing methods — Complete Hierarchies

min ZTr(hp, >...2 min Tr(hp,)
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History and Related Methods

» Anderson bounds:
[Anderson, Limits on the Energy of the Antiferromagnetic Ground State, Phys. Rev. 83,
(1951)]

> Quantum chemistry: (RDMT)
[Mazziotti and Rice, Reduced-Density-Matrix Mechanics, Wiley & Sons (2007)]
[Klyachko, Quantum marginal problem and N-representability, J. Phys: Conf. Ser. 36,
(2006)]

» Quantum information / foundations: (NPA hierarchy)
Bounding the set of quantum correlations
[Navascués, Pironio & Acin, Phys. Rev. Lett. 98, (2007)

» Optimization, complexity theory:
Lasserre/ParriIo/SOS hierarchy [Lasserre, Global optimization with polynomials
and the problem of moments, SIAM J. Optim. 11, (2001)]

» Bootstrap methods:
Conformal bootstrap Poland, Rychkov & Vichi, Rev. Mod. Phys. 91, (2019),
Random matrix models Lin, J. High Energ. Phys. 90 (2020) , 3D classical
Ising model [Cho et. al. arxiv:2206.12538], Gap in 1D quantum Ising model
[Nancarrow & Xin, arXiv:2211.03819] ...
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Example: The LTI Hierarchy

Setting:
H = >, 7;(h), translation-invariant, nearest-neighbor interactions

E7 := min Tr (hp®
o ORI (p )
s.t. p(2) — wﬂ
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Example: The LTI Hierarchy

Setting:
H = >, 7;(h), translation-invariant, nearest-neighbor interactions

Eri = min Tr(hp(z))
{p(m} 4

st p® — p® L prD oy g
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Example: The LTI Hierarchy

Setting:
H = >, 7;(h), translation-invariant, nearest-neighbor interactions

Ery > En(n)= min Tr (hp®
I Lri(n) s ( )

st p@ — p® Ll plx g

pm=1)  (m)

)

Pl = Try, (p(™) = Trg(pt™)

L (13) I | (4)1 1 1 1 (4)1
)= 0= P )]
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Renormalization of the LTI Constraints

We relax the constraints p(®) « p(*) «— p(®)
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Coarse-Graining and Compression Step

1 (13) 1 1 1(4)1 T -
j— W.
[x p‘ x]_ [x ‘p T @ 3

Coarse-

L1 L1 grain
(M )= @ M) l
T T T T T T

[ s ]:@ @ ]

llya Kull, Uni Vienna, arxiv:2212.03014



Coarse-Graining and Compression Step
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Iterative Coarse-Graining
We want:

llya Kull, Uni Vienna, arxiv:2212.03014

e N e
[ o ]: [‘ o :D
wi
D, ),
[ o® ]: [ o ]
T
wl



Iterative Coarse-Graining
We want:

We Need:
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Iterative Coarse-Graining
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Iterative Coarse-Graining
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Iterative Coarse-Graining

_
=
Il Il

[‘ M )= [i 2® @ (o )= [i w;-”) :B

T
oI o
Rl
sz(4) WJ —w®
Ws5p(8) W; <sw(5)

7 -(C ) o )-[C )

llya Kull, Uni Vienna, arxiv:2212.03014



lterative Coarse-Graining
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Recap

> = mi (2)
Eri > Eiri(n) {f;}lmf)l}rﬁ (hp )
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Recap
> — mi (2)
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p2),p3), {w(m}

st p@ e pB e w® 50w e ™

llya Kull, Uni Vienna, arxiv:2212.03014



Recap

> > = i (2)
Eti > Eimi(n) > Ecelax.(n, D) p(z)mg])l,?w(m)}”[‘r (hp )

st p® — pB) e w® 50 wW®) s W

) () ()
e L oo/ L
e L e
kQ—Q—QJ kQ—HJx ﬁ L L1
(@ ]—@ o) (o j:@ w®) )
4 & ) T ‘
LQ—HJ 1L9—HJ [ f_?—} 1 1
C ™ )= ( Pe) :B (w® J= [ uw® :D

llya Kull, Uni Vienna, arxiv:2212.03014



The “triangle of renormalization”
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The “triangle of renormalization”
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The “triangle of renormalization”
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Coarse-graining using tree tensor networks
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Benchmarking Results
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Translation-invariant spin chains

Model Name Hamiltonian Gap?
(a) Critical Ising Hrei(1) Critical
(b) S =1/2 Heisenberg Hyl2 (1) Critical
(c) S =1/2 symmetry broken XXZ H)1<§(2z(2) Gapped
(d) S =1/2 XX model H)1(§(2Z(O) Critical
(e) S =1 Heisenberg Hss7(1) Gapped
(F) S =1/2 J;-J; Heisenberg H,,-1,(4.15,1)  Critical
Hrei(hy) = — ZX,X;H — h, Z Z; Transverse field Ising model

Hxz (D) = ZX/'X/-H + YY1 +AZZi 1 XXZ spin S

Hiy-12(J1, 2) =Y S Sipa + kS Sia J1-J5 Heisenberg spin 1/2
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Results: TFI & S=1/2 Heisenberg model
(a) Critical TFI: HTFI(]-)

(b) Isotropic antiferromagnetic S = 1/2 Heisenberg:

H1/2 (1)
XXZ
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Results: TFI & S=1/2 Heisenberg

(a) Critical TFI: HTFI(]-)
(b) Isotropic antiferromagnetic S = 1/2 Heisenberg: HY/2 (1)

XXZ
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Results: XXZ & XX

(c) S =1/2 symmetry broken XXZ: H)1(§(22(2)
(d) S = 1/2 XX model: HylZ(0)
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Results: S=1 Heisenberg & Ji-J,

(e) Isotropic antiferromagnetic S = 1 Heisenberg: Hygy (1)
(F) Critical S = 1/2 J;-J; Heisenberg: H,,_),(4.15,1)

10 __ (e) S=1 Heisenberg

f) J1-J2 Heisenberg

107 0 0
N i 10 10
+ —— + -+
\Fk
R e *

2 : Jd4102 -1 Ed4101
0 % 10 10 10
% NN oo X
g N\ g %

L N = e xex g W
< - 02 T K02
3 * Lkl 3 K
10 * 10 Ky
%,
! %*%é:xxxx
<>\\<> 3 Horekk] 3
10° 310°
10 10 —
2 4 6 810 20 30 2 6 810 20 30 60 100
n n
—— 1Tl MPS, D = 4 MPS,D=7 —S7—TIN,D=2 —%—TIN,D=5
— 4 — MPS,D=2 — —x — MPS,D=5 — - — MPS,D=8 —A——TIN,D=3

—-—+--—"MP§,D=38 — % — MPS,D=6

MPS,D=9 —H—TTN,D=4

llya Kull, Uni Vienna, arxiv:2212.03014



Results: Memory scaling vs. precision

C T T T T T
10" 1
R R
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10°F o 1 | TFl:relax.
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Conclusion
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Results: Relaxation precision vs. VUMPS precision

(b) S=1/2 Heisenberg
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